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Abstract
The nonlocal field theory commonly requires a minimal length, and so it appears to formulate
the nonlocal theory in terms of the doubly special relativity which makes the speed of light and
the minimal length invariant simultaneously. We set up a generic nonlocal model having the same
set of solutions as the local theory but allowing Lorentz violations due to the minimal length. It
is exactly corresponding to the model with the modified dispersion relation in the doubly special
relativity. For this model, we calculate the modified Wightman function and the rate of response
function by using the Unruh-DeWitt detector method. It turns out that the Unruh effect should
be corrected by the minimal length related to the nonlocality in the regime of the doubly special
relativity. However, for the Lorentz-invariant limit, it is shown that the Wightman function and
the Unruh effect remain the same as those of the local theory.
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I. INTRODUCTION
There has been much attention to nonlocal theories in light of a low energy description
of fundamental nonlocal interactions. Initially, nonlocality was mostly considered in the
context of axiomatic quantum field theory [1–5]. And then many efforts have been devoted
to studying various aspects of nonlocality in connection with gravity [6–12] and cosmology
[13–17] as well as the role of nonlocality in the framework of string theory [18–25]. In the
nonlocal field theories, the nonlocality is commonly accompanied by a length scale ℓ because
of the presence of higher derivative terms in the equations of motion.
There has been an intriguing issue on the Unruh effect in a specific nonlocal field the-
ory. In the particular nonlocal theory obeying the field equation of e−ℓ
2
/2φ = 0 with the
minimal length ℓ, the rate of response function was calculated by using the Unruh-DeWitt
detector method, and then it was claimed that there are significant modifications in the
Unruh effect due to the modification of the Feynman propagator originated from the non-
locality [26]. However, it was proved that, for a wide class of nonlocal theory obeying the
field equation given by f(ℓ2)φ = 0 with the everywhere nonzero and analytic function f ,
the Bogoliubov coefficients should be exactly the same as the case of a local theory and thus
the Unruh effect should remain unchanged [27]. Recently, for the specific nonlocal model of
e−ℓ
2
/2φ = 0, it was shown that the modified Feynman propagator due to the nonlocality
consists of the Wightman function along with the complementary error function instead of
the conventional step function [28]. It means that the nonlocality is responsible for the error
function rather than the modification of the Wightman function, so that the Unruh effect
relying on the form of the Wightman function naturally remains the same as that of the
local theory.
On the other hand, if the nonlocal theory should respect the special theory of relativity,
the length ℓ in the nonlocal theory will be no longer minimal length due to the length
contraction depending on the inertial frame. So, the nonlocal field theory having the minimal
length should be implemented by the doubly special relativity of the extended version of
Einstein’s special relativity [29, 30], where the minimal length as well as the speed of light
is an observer-independent scale. In the framework of the doubly special relativity, the
existence of the minimal length would necessarily lead to the modification of the dispersion
relation such as f(ℓ2k20, ℓ
2k2i )k
µkµ = m
2, where kµkµ is related to the invariant speed of light
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and f(ℓ2k20, ℓ
2k2i ) makes the minimal length ℓ an invariant scale under any inertial frames
[31–33]. If one were to consider the nonlocal model implemented by the minimal length
allowing the Lorentz violation, then the field equation would be f((iℓ∂0)
2, (iℓ∂i)
2)φ = m2.
So, it would be interesting to study the Unruh effect for the nonlocal field theory in the
regime of the double special relativity which makes the minimal length invariant.
In Sec. II, we will recapitulate the Unruh-DeWitt detector method for the Unruh ef-
fect in the local theory. Then, in Sec. III we will consider a massless nonlocal model of
f((iℓ∂0)
2, (iℓ∂i)
2)φ = 0 which respects the doubly special relativity, where the function f
is an analytic function and everywhere nonzero. Using the Unruh-DeWitt detector method
presented in Sec. II, we will obtain the modified Wightman function compatible with the
doubly special relativity and show that the Unruh effect receives some corrections due to the
presence of the minimal length in the nonlocal field theory. If the nonlocal theory respects
the Lorentz symmetry, in other words, for the Lorentz-invariant limit of f(ℓ2)φ = 0, it
turns out that the Unruh effect is the same as that of the local case as was shown in Ref.
[27, 28]. Finally, conclusion and discussion will be given in Sec. IV.
II. UNRUH-DEWITT DETECTOR METHOD
We would like to encapsulate the Unruh-DeWitt detector method for the Unruh effect in
the local field theory presented in Ref. [34]. Let us consider a detector moving in Minkowski
spacetime along a trajectory xµ(τ) with the proper time τ , and assume that it moves through
a region permeated by a quantum scalar field φ(x). The minimal interaction between the
detector and the scalar field is given by the Lagrangian of Lint = gµ(τ)φ (x(τ)), where g
is the small coupling constant and the detector operator µ(τ) is approximated by µ(τ) =
eiH0τµ(0)e−iH0τ . The detector will measure the energy transition from the energy E0 of the
ground state to the energy E of an excited state. Since the coupling constant g is small, the
transition probability is written as P =
∫
dE|A(1)|2, where the first order amplitude A(1) is
given by
A(1) = i〈E;ψ|
∫ τ
τi
Lintdτ |E0; 0〉 (1)
= ig〈E|µ(0)|E0〉
∫ τ
τi
dτeiτ∆E〈ψ|φ(x)|0〉. (2)
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Note that |0〉 is the Minkowski vacuum and |ψ〉 is the excited state, and the energy difference
between them is denoted by ∆E = E − E0. Then, the transition probability P is obtained
as
P = g2
∫
dE|〈E|µ(0)|E0〉|2R(∆E), (3)
where the response function R(∆E) is written as
R(∆E) =
∫ τ ′
τ ′
i
dτ ′
∫ τ
τi
dτe−i(τ−τ
′)∆E〈0|φ (x(τ))φ (x(τ ′)) |0〉 (4)
=
∫ ∆τ+
∆τ+
i
d∆τ+
∫ ∆τ−
∆τ−
i
d∆τ−e−i∆τ
−∆EG+(∆τ+,∆τ−) (5)
with ∆τ± = τ ± τ ′, and the positive frequency Wightman function G+ is defined as
G+(∆τ+,∆τ−) = 〈0|φ (x(τ)) φ (x(τ ′)) |0〉. (6)
So, one can obtain the transition probability per unit time as
P˙ = g2
∫
dE|〈E|µ(0)|E0〉|2R˙(∆E) (7)
with the rate of the response function
R˙(∆E) =
∫ ∞
−∞
d∆τ−e−i∆τ
−∆EG+(∆τ+,∆τ−), (8)
where the integration range of ∆τ− is extended up to ±∞.
In the local field theory, the field equation of the free scalar field φ is given by
φ = 0, (9)
and the solution is written as
φ(x) =
∫
d3k
(2π)32ω
[
ake
ikµxµ + a†ke
−ikµxµ
]
, (10)
where the coefficients ak and a
†
k are operators in such a way that the Minkowski vacuum is
annihilated by the operator ak, i.e., ak|0〉 = 0. By imposing the equal-time commutation
relations, [φ(~x, t), π(~y, t)] = iδ(3)(~x − ~y) and [φ(~x, t), φ(~y, t)] = [π(~x, t), π(~y, t)] = 0 with the
conjugate momentum π = φ˙, we obtain the following quantization rules,
[ak, a
†
k′] = (2π)
32ωδ(3)(~k − ~k′), [ak, ak′] = [a†k, a†k′] = 0. (11)
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Plugging Eqs. (10) and (11) into Eq. (6), one can also obtain the positive frequency Wight-
man function in the local field theory as
G+(x, x′) =
∫
d3kd3k′
(2π)62ω2ω′
〈0|[ak, a†k′]|0〉ei(kµx
µ−k′µx
′µ) (12)
=
∫
d3k
(2π)32ω
eikµ(x
µ−x′µ). (13)
In the Minkowski spacetime with the coordinates of xµ = (t, x, y, z), the hyperbolic trajec-
tory describes a uniformly accelerated detector along the x-axis with the proper acceleration
a and the proper time τ , which is given by
t(τ) =
1
a
sinh(aτ), x(τ) =
1
a
cosh(aτ) (14)
with the fixed y and z. By using Eqs. (8) and (13) in the hyperbolic trajectory (14), the
rate of response function of the uniformly accelerated detector can be calculated as
R˙(∆E) =
∆E
2π
1
e
2π∆E
a − 1
. (15)
Eventually, the temperature can be read off from Eq. (15) as
Tloc =
a
2π
, (16)
which is the well-known Unruh effect in the local field theory [34]. In the next section, we
shall discuss the Unruh effect in the nonlocal field theory in order to figure out how the
conventional Unruh effect is modified by the nonlocality.
III. MODIFIED WIGHTMAN FUNCTION AND UNRUH EFFECT
There appears a minimal length in nonlocal formulation of theories with higher deriva-
tives, so that the special relativity related to the Lorentz symmetry could be promoted to
the doubly special relativity where the minimal length as well as the speed of light is invari-
ant in any inertial frames. Let us introduce a nonlocal model where the minimal length ℓ is
invariant under any inertial frames allowing the conventional Lorentz violation [33], which
is generically described by the field equation of
f
(
(iℓ∂0)
2, (iℓ∂i)
2
)
φNL = 0 (17)
with ∂2i = ∂
2
x+∂
2
y+∂
2
z , where the function f is an analytic function and everywhere nonzero.
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Note that one might worry about the presence of ghosts in the nonlocal model (17) since
the addition of higher derivative terms could cause ghost-like excitations. Fortunately, the
pole structure of the nonlocal model (17) does not change thanks to the assumption that the
function f is analytic and everywhere nonzero, so that the ghost problem would be avoided.
However, the present work does not contain a proper constraint analysis, which is necessary
to fully establish the stability of the quantum version of the theory. So, one should perform
the Hamiltonian analysis for nonlocal theories of infinite order by using the formalism of
Refs. [35, 36], which allows a more transparent identification of the physical phase space
of an infinite derivative theory and reduces to the Ostrogradski construction in the finite
derivative case [14].
Additionally, we note that the dispersion relation corresponding to Eq. (17) is written as
f(ℓ2k20, ℓ
2k2i )k
µkµ = 0, where k
µkµ gives the invariant speed of light and f(ℓ
2k20, ℓ
2k2i ) makes
the minimal length ℓ an invariant scale under any inertial frames [31–33]. Also, we assumed
that the function f is nonzero, so that the frequency ω satisfies ω = |~k|, which means that
the speed of light is still invariant in spite of the modified dispersion relation in the light of
the doubly special relativity.
According to Ref. [14], the number of independent solutions to an infinite order differential
equation is equal to the number of poles in its propagator. Since the number of poles for the
propagator of the nonlocal model (17) is the same as that of the local theory, the complete
set of solutions to the nonlocal field equation (17) is just that to the field equation (9) of
the local theory. So, combining the plane wave solution of e±ikµx
µ
as the set of the solutions
to Eq. (17) gives the field expansion as
φNL(x) =
∫
d3k
(2π)32ω
[
bke
ikµxµ + b†ke
−ikµxµ
]
. (18)
Now, one might wonder where the nonlocal effects including the Lorentz violation are
reflected in the field expansion (18). In the case of the nonlocal model (17), it has the same
set of the solutions as that of the local theory, so that nonlocal effects are not in the plane
wave solutions but in the coefficients bk and b
†
k, and the commutation relations between
them would be modified.
Here, one can consider the action for the equation of motion (17) which is written as
SNL =
∫
d4x
√−g
(
−1
2
)
φNL(x)
[−f ((iℓ∂0)2, (iℓ∂i)2)]φNL(x),
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and then the canonical momentum is obtained as πNL = δSNL/δφ˙NL = −√−gg0ν∂νfφNL.
However, even if the canonical momentum can be defined, the nonlocality does not allow us
to convert the relation between the velocity φ˙NL and the canonical momentum πNL. So, it
seems to be difficult to construct a Hamiltonian naively from the Lagrangian by a Legendre
transformation.
Let us see how the nonlocal effects are taken into account in the coefficients bk and b
†
k and
what the commutation relations are. So, we redefine the field as φNL = f
−1 ((iℓ∂0)
2, (iℓ∂i)
2)φ
to obtain the commutation relation between the operators bk and b
†
k, and thus the field
equation (17) can be rewritten as φ = 0. Now the nonlocal field φNL is written in terms
of the local field φ by using Eq. (10),
φNL(x) =
1
f((iℓ∂0)2, (iℓ∂i)2)
φ(x)
=
∫
d3k
(2π)32ω
[
ak
f(ℓ2ω2, ℓ2~k2)
eikµx
µ
+
a†k
f(ℓ2ω2, ℓ2~k2)
e−ikµx
µ
]
. (19)
By comparing Eq. (19) with the field expansion (18), the relations between the local opera-
tors of ak and nonlocal operators of bk are obtained as
bk =
ak
f(ℓ2ω2, ℓ2~k2)
, b†k =
a†k
f(ℓ2ω2, ℓ2~k2)
. (20)
From the commutation relation (11) between ak and a
†
k′, we can obtain a relation between
bk and b
†
k′ as
[bk, b
†
k′] =
(2π)32ωδ3(~k − ~k′)
f(ℓ2ω2, ℓ2~k2)f(ℓ2ω2, ℓ2~k′2)
, (21)
where the vacuum of the nonlocal field theory is characterized by bk|0〉 = 0.
Next, from the definition of the positive frequency Wightman function (6), we can find
the modified Wightman function corresponding to Eq. (17) as
G+(x, x′) =
∫
d3kd3k′
(2π)62ω2ω′
〈0|[bk, b†k′]|0〉ei(kµx
µ−k′µx
′µ)
=
∫
d3k
(2π)32ω
1
f 2(ℓ2ω2, ℓ2~k2)
eikµ(x
µ−x′µ). (22)
It is worth noting that in the field expansion (19) the modifications due to the non-
locality can be subsumed into the mode functions of FNLk,±(x) = [(2π)32ωk]−1/2f−1e±ikx
with the standard commutation relations (11) instead of the standard mode functions of
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Fk,±(x) = [(2π)32ωk]−1/2e±ikx with the modified commutation relations (21). Interestingly,
the Wightman function is always written as Eq. (22) regardless of whether the nonlocality
is included in the mode functions or the operators.
Since f is everywhere nonzero and analytic function, it can be represented by a power
series with the help of ω = |~k|,
1
f 2(ℓ2ω2, ℓ2~k2)
=
1
f 2(ℓ2ω2, ℓ2ω2)
=
∞∑
n=0
αn(ℓ
2ω2)n, (23)
where the coefficient α0 is fixed by α0 = 1 to recover the local case when the nonlocal effects
disappear. Then, the positive frequency Wightman function (22) is explicitly calculated as
G+(x, x′) =
∞∑
n=0
αnℓ
2n (−1)n(2n)!
8π2∆x
(∆t +∆x)2n+1 − (∆t−∆x)2n+1
(−∆t2 +∆x2)2n+1 , (24)
where ∆t = t− t′ and ∆x = |~x − ~x′|. When the detector follows the hyperbolic trajectory
(14), the modified Wightman function is obtained as
G+(τ, τ ′) =
∞∑
n=0
2n∑
m=0
αnℓ
2n (−1)n+1(2n)!
4π2
ea(n−m)∆τ
+(
2
a
sinh
(
a
2
∆τ−
))2(n+1) (25)
with ∆τ± = τ±τ ′. So, the rate of response function in the nonlocal model (17) is calculated
as
R˙(∆E) =
∆E
2π
1
e
2π∆E
a − 1
[
1 +
∞∑
n=1
2n∑
m=0
αnℓ
2n
2n+ 1
ea(n−m)∆τ+
n∏
s=1
(s2a2 +∆E2)
]
, (26)
where it reduces to the standard local limit for ℓ→ 0. The similar rate of response function
can be found in the Lorentz-violating cases [37–42]. Consequently, in the generic nonlocal
model (17), the Wightman function and the rate of response function were corrected by the
minimal length related to the nonlocality, so that the Unruh effect could be modified.
For example, let us see the Unruh effect for a nonlocal model defined by the doubly
special relativity in Ref. [33], which is given by

1− ℓ2∂20
φNL = 0, (27)
where the nonlocal term is f = (1 + ℓ2ω2)−1 in the momentum space and thus f−2 =
1+ 2ℓ2ω2 + ℓ4ω4. So, one can easily identify the coefficients αn related to the nonlocality in
Eq. (26) as α0 = 1, α1 = 2, α2 = 1 and αn>2 = 0, and thus the rate of response function is
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obtained as
R˙(∆E) =
∆E
2π
1
e2π
∆E
a − 1
[
1 +
2ℓ2a2
3
A1(a,∆τ+)
(
∆E2
a2
+ 1
)
+
ℓ4a4
5
A2(a,∆τ+)
(
∆E2
a2
+ 1
)(
∆E2
a2
+ 4
)]
, (28)
with A1(a,∆τ+) = 1 + 2 cosh(a∆τ+), A2(a,∆τ+) = 1 + 2 cosh(a∆τ+) + 2 cosh(2a∆τ+).
Here, we note that Eq. (28) depends on the proper time and such time-dependent rate of
response functions also appear in the case of superluminal dispersion relations [37] and κ-
deformations [40, 41]. The dependency of the proper time means that the system is not in
a global thermodynamic equilibrium. So, we take the approximation as a ≪ ∆E to make
Eq. (28) as a slight deviation out of the global thermodynamic equilibrium, and thus we
assume a local thermodynamic equilibrium. Finally, we can read off the Unruh temperature
by using the relation between the Planck distribution and the rate of response function of
R˙(∆E) = (∆E/2π)(e∆E/T − 1)−1 [34] as
T =
∆E
ln
(
1 + ∆E
2πR˙(∆E)
) . (29)
This procedure is very similar to derivation of the Hawking temperature from the scattering
amplitude [43–46]. Then, the temperature can be read off from Eq. (29) as
TNL =
a
2π
+
a2
2π∆E
ln
(
1 +
2ℓ2∆E2
3
A1(a,∆τ+) +
ℓ4∆E4
5
A2(a,∆τ+)
)
, (30)
which shows that the Unruh effect could be corrected by the nonlocality.
Next, let us see the Unruh effect for a wide class of the nonlocal model respecting the
Lorentz symmetry such as
f(ℓ2)φNL = 0, (31)
which was already considered by using the Bogoliubov transformation in Ref. [27]. By re-
placing f(ℓ2ω2, ℓ2~k2) with f(ℓ2kµkµ) in Eqs. (17) and (22), the positive frequency Wightman
function is modified as
G+(x, x′) =
∫
d3k
(2π)32ω
1
f 2(ℓ2kµkµ)
eikµ(x
µ−x′µ). (32)
Note that the nonlocal effect actually disappears because f(ℓ2kµkµ) = f(0) = 1 due to the
fact that kµkµ = −ω2 + ~k2 = 0, which in essence amounts to the limit of ℓ → 0. Then, the
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positive frequency Wightman function of the nonlocal model (31) is found as
G+(x, x′) =
∫
d3k
(2π)32ω
eikµ(x
µ−x′µ), (33)
which is nothing but the standard Wightman function (13) for the local theory. Therefore,
the rate of response function is also coincident with Eq. (15), so that the Unruh effect
remains the same as the local case. This result is consistent with the result obtained from
the Bogoliubov transformation [27].
Finally, it is worth noting that there is an advantage of our formalism in the sense that
one could discuss the Wightman function (22) directly in connection with the Unruh effect.
For the specific Lorentz-invariant nonlocal field theory of [26–28]
e−ℓ
2
/2φNL = 0, (34)
where the Feynman propagator GF is given by
GF(x) =
∫
d4k
(2π)4
e−
ℓ2
2
k2
k2
eik
µxµ . (35)
In Ref. [28], the Feynman propagator (35) could be nicely expressed as
GF(x) =
∫
d3k
(2π)3
[
1
2
erfc
(
ℓ√
2
ω − tE√
2ℓ
)
G+k +
1
2
erfc
(
ℓ√
2
ω +
tE√
2ℓ
)
G−k
]
, (36)
where tE is the Euclidean time and G
±
k = (2ω)
−1e∓ωtE±i
~k·~x, and the complementary error
function is defined as
erfc(x) = 1− 2√
π
∫ x
0
dξe−ξ
2
.
From the fact that the complementary error functions in the Feynman propagator (36)
become the θ-function for the limit of ℓ → 0, it was proposed that the positive frequency
Wightman function should be written as [28]
G+(x) =
∫
d3k
(2π)3
G+k . (37)
However, as seen from Eq. (36), the complementary error function could not be factorized
if ℓ is finite. Thus, it would be more reasonable to treat the Wightman function directly
from the definition of the Wightman function such as Eq. (22) or Eq. (32). Eventually, our
formalism tells us that the Wightman function is the same as that of the local theory as long
as the nonlocal model is Lorentz-invariant, so that the Unruh temperature is accordingly
unchanged.
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As mentioned in Ref. [28], the authors confirmed that the above model adopted in ex-
ploring the Unruh effect gives us the same results of the local field theory. It turns out that
the Unruh effect is not modified in the nonlocal model (34) with respect to the local field
theory (9). Consequently, the Unruh temperature is unchanged.
IV. CONCLUSION AND DISCUSSION
We calculated the Wightman function and the rate of the response function with respect
to the generic nonlocal model (17) allowing the Lorentz violation to make the minimal length
an invariant scale under any inertial frames. In this model, by using the Unruh-DeWitt
detector method, we showed that the Unruh effect could be corrected by the minimal length
generically. Additionally, taking the limit of the Lorentz-invariant model, we showed that
the Unruh effect always remains unchanged, which is compatible with the result using the
Bogoliubov transformation in Ref. [27]. Our calculations also explain why the Wightman
function read off from the Feynman propagator (36) is invariant for the particular Lorentz-
invariant nonlocal model (34) in Ref. [28]. Therefore, it turned out that the Wightman
function and the Unruh effect remain unchanged if the nonlocal model respects the Lorentz
symmetry, while they should be corrected when the doubly special relativity is preferred to
make the minimal length an invariant scale.
One might wonder how the temperature (30) could be defined even though the rate of the
response function depends on the proper time. In the local theory and the Lorentz-invariant
nonlocal theory, the rate of response functions were invariant under the time translation,
which means that the number of quanta absorbed by the detector per unit proper time τ
is constant, so that the detector is in a global thermodynamic equilibrium with the scalar
field [47]. So, the temperature could be read off from the rate of response function by
using the Planck distribution. However, in the Lorentz-violating nonlocal theory, the rate
of response function depends on the proper time, which implies that the system is not
in global thermodynamic equilibrium. So, one should assume that the system is in a local
thermodynamic equilibrium, where the temperature varies with the spacetime but the system
is in equilibrium with the neighborhood for each point. In the local equilibrium, the scalar
field is locally distributed according to the Planck distribution for a certain temperature
near a given time when it is observed by the detector. We could read off the temperature
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for the Lorentz-violating nonlocal model approximately in order to figure out how much the
thermal temperature deviates from the standard one. This issue deserves further attention
in this direction.
Finally, we would like to discuss whether the experiments could be conducted to dis-
tinguish between Lorentz covariant and Lorentz non-covariant models at the Planck scale.
In this paper, the local and nonlocal models (9) and (31) are Lorentz covariant, while the
nonlocal model (17) is Lorentz non-covariant. In our calculations, the models provide the
different forms of the Unruh temperature in the sense that the temperature for the Lorentz
covariant models satisfies the standard Unruh temperature (16) linearly proportional to the
proper acceleration, whereas the temperature for the Lorentz non-covariant models generi-
cally depends on the proper acceleration non-linearly as Eq. (30). So, one can distinguish
between them by detecting the Unruh temperatures experimentally. Actually, the large lin-
ear acceleration of 2.6 × 1022cm/s2 is required to produce the Unruh temperature of 1K.
As was suggested in Refs. [48, 49], sufficiently large accelerations could be obtained by em-
ploying electrons in a storage ring as an accelerated thermometer. If one could figure out
the behavior of the Unruh temperature with respect to the proper acceleration, it would be
possible to distinguish between the Lorentz non-covariant models and the Lorentz covariant
models experimentally.
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